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A Comparison Study of the Shannon Channel
Capacity of Various Nonlinear Optical Fibers
Jau Tang
Abstract—A comparative study of the Shannon channel capac-
ity is presented for a dispersion-free fiber, a fiber with constant
dispersion, and a fiber with variable dispersion. Improvement of
the capacity by optical phase conjugation (OPC) is also investi-
gated. Simple scaling laws are prescribed for the dependence of
the optimal capacity on various system settings such as number of
spans, number of channels, noise power, channel width, strength
of chromatic dispersion, bandwidth of an OPC device, etc.
Index Terms—Fiber nonlinearity, information theory, optical
fiber communication systems, optical phase conjugation, Volterra
series, wavelength division multiplexing systems.
I. INTRODUCTION
THE ULTIMATE channel capacity of a nonlinear opticalfiber is a fundamental question. It is important to know
its theoretical limit and the controlling factors for capacity
degradation for better design of next-generation transmission
systems. According to the well-known Shannon’s theory [1],
for a linear transmission system with a signal-to-noise ratio
S/N , the optimal channel capacity is given by log2(1 + S/N).
For a typical optical amplifier with an S/N ratio of 40 dB,
one would expect a theoretical limit for the channel capacity
of about 13 bits/s/Hz if Kerr nonlinear effects such as self-
phase modulation, cross-phase modulation, and four-wave mix-
ing are absent. To investigate the capacity degradation due
to these nonlinear effects, in a series of reports we presented
the Shannon channel capacity calculation for a dispersion-free
fiber (single span [2] and multispan cases [3]) and a fiber
with constant dispersion [4]. In these studies, we consider a
transmission system with ideal coherent detection. At the end
of each span, the optical signal is amplified to compensate
for the fiber attenuation and white Gaussian amplifier noise is
added. These studies indicate a theoretical capacity of about
one order of magnitude higher than that has been achieved by
current technologies in dense wavelength division multiplexed
(DWDM) systems.
The previous capacity calculation, particularly for dispersive
fibers, relies on numerical computation involving multidimen-
sional integrals [4]. In this work, it is shown that these integrals
can be expressed in an approximate closed form. Analytical
formulae are given for the ultimate channel capacity and the
optimal input power for three categories of fibers. Simple
scaling laws are prescribed for the dependence of the ulti-
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mate capacity and the corresponding optimal operating input
power on various system settings. These settings include the
number of channels, number of spans, noise power, channel
width, strength of chromatic dispersion, bandwidth of an optical
phase conjugation (OPC) device, etc. This study also includes
consideration of nonlinearity precompensation using interchan-
nel or intrachannel OPC [5], [6] to eliminate some nonlinear
noise. The extent of capacity improvement by OPC and the
dependence of capacity improvement on the bandwidth of an
OPC device will be analyzed. This work supplements channel
capacity studies by others [7]–[9] using a different approach.
II. VOLTERRA SERIES SOLUTION FOR THE
NONLINEAR SCHROEDINGER EQUATION (NSE)
The NSE for waveform propagation in a nonlinear fiber is
given by [10]
∂A(z, t)
∂z
= Dˆ(z)A(z, t) + iγ |A(z, t)|2A(z, t) (1)
where 2Dˆ(z) = −α+ iβ(z)∂2/∂t2. The dispersion β(z) can
be a constant or length dependent. In a variable dispersion
fiber, the dispersion is designed to match the attenuation in
power, i.e., β(z) = βe−αz . For a dispersion-free case with
β = 0, the exact solution of NSE is given by A(L, t) =
exp(−αL/2) exp(iγL|A(t)|2)A(t), and γL is defined as γ[1−
exp(αL)]/α, where A(t) is the input signal, α the absorp-
tion coefficient, and γ the Kerr nonlinearity coefficient. For
a dispersive fiber, one can solve NSE by Volterra series ex-
pansion [11] in terms of the Kerr nonlinearity, i.e., A(z, t) =∑∞
k=0 γ
kAk(z, t). The first two terms are
∂A0(z, t)
∂z
= Dˆ(z)A0(z, t)
∂A1(z, t)
∂z
= Dˆ(z)A1(z, t)+ iA0(z, t)A∗0(z, t)A0(z, t). (2)
For convenience, we use the following short-hand expression
as the formal solution, i.e., A(L, t) = exp(−αL/2)UA(t),
where U is a nonlinear operator that is a function of A(t).
For a multispan system, at the end of each span, the signal is
amplified by a factor of exp(αL/2) to compensate the power
attenuation. The amplified output signal after N spans and
N amplifiers, which is defined as A(NL, t), can be given
by a recursive formula as exp(iγL|A((N − 1)L, t)|2)A((N −
1)L, t) + σN (t), where σN (t) is the noise from the N th am-
plifier. By iteration, one can express A(N, t) in terms of the
input signal A(t) and noise signals σ1(t), σ2(t), . . . , σN (t),
0733-8724/$20.00 © 2006 IEEE
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from all preceding amplifiers. As an example, for a two-span
system, one has A(2L, t) = UA(L, t) + σ2(t) = U [UA(t) +
σ1(t)] + σ2(t).
Using the nonlinearity precompensation procedure with
OPC, one essentially reverses the nonlinear phase for one or a
few channels, depending on the bandwidth of such a device. If
each channel is precompensated, one prepares U−1n An(t) for
the nth channel before one combines all channels and feeds
it into the transmission fiber. The output signal after one span
is given by A(L, t) = exp(−αL/2)U (∑n U−1n An(t)), where∑
n denotes the summation over n channels. In this work,
we will consider both schemes for various transmission fibers
with/without precompensation.
III. SHANNON CAPACITY (SC) FOR A
NONLINEAR TRANSMISSION SYSTEM
As discussed in an earlier work [2]–[4], one can use the con-
ventional Shannon’s information theory to a nonlinear system
by applying Pinsker’s generalized capacity formula [12]. For an
N -span system, we have
SC = 1
ωc
ωc
2∫
−ωc2
dω log2
(
f(ω)
g(ω)
)
(3)
where g(ω) and f(ω) are given by a determinant
g(ω)=
∣∣∣∣ F (〈A(t+τ)A∗(t)〉) F (〈A(N, t+τ)A∗(t)〉)F (〈A(t+τ)A∗(N, t)〉) F (〈A(N, t+τ)A∗(N, t)〉)
∣∣∣∣
f(ω)=
∣∣∣∣F (〈A(t+τ)A∗(t)〉) 00 F (〈A(N, t+τ)A∗(N, t)〉)
∣∣∣∣ (4)
where F stands for Fourier transform. The covariant deter-
minant is needed [12] because the output signal A(NL, t) is
highly correlated with the input A(t) in a nonlinear trans-
mission system. For the dispersion-free case, one can obtain
a closed-form expression for the above correlation function
in terms of input function [2], [3]. However, for a dispersive
fiber, solving the NSE analytically and evaluating the above
correlation function are almost impossible. In the limit of low
input power, we considered only two lowest perturbation terms.
For a single-span system, (1) can be approximated by
g(ω) ≈F [〈eαLA(t+ τ)A∗(t)〉]
× F [〈eαLA1(NL, t+ τ)A∗1(NL, t)〉]
− F [〈eαLA(t+ τ)A∗1(NL, t)〉]
× F [〈eαLA1(NL, t+ τ)A∗(t)〉]
+ PW (ω)F
[〈
eαLA(t+ τ)A∗(t)
〉]
f(ω) ≈F [〈eαLA(t+ τ)A∗(t)〉]
× F [〈A(t+ τ)A∗(t)〉] + g(ω) (5)
where PW (ω) is the white noise power density. For an N -
span system, given the fact of very low noises in the optical
amplifier, one can exclude the nonlinear effects from the noises
themselves. As long as the nonlinear effects are dominated
by the input signal, one can treat the multispan system as an
effective single-span system but with noise power and nonlinear
coupling correctly scaled up. For dispersion-free fibers, one
only needs to scale the effective Kerr nonlinear coupling and the
noise power density by N times. However, for a dispersive fiber
(with β greater than 0.5 ps2/km and a total bandwidth of more
than 1 THz), one needs to scale the effective Kerr nonlinear
coupling by N1/2 and the noise power density by N times.
A large dispersion reduces the correlation length and makes
the nonlinear noises from each span quasi-independent. In the
following three sections, the analysis of SC for each category
of fibers will be presented in an individual section.
IV. SC FOR A DISPERSION-FREE FIBER
In our model calculation, we assume a flat spectral distri-
bution for Nc equally wide channels, each with a width of ωc.
The total bandwidth is ΩT = Ncωc. For a multispan (NS spans)
system, we have shown [2] that both the noise power density
and the Kerr nonlinear coupling γ have to be scaled by NS . For
the dispersion-free case, g(ω) and f(ω) in (4) can be calculated
to any power expansion of γ as
g(ω)≈NSPW (ω)
+
2N2Sγ
2
L[
1+γ2LN
2
SΩ
2
T
(
P
2πωc
)2]3F
(
R(τ)|R(τ)|2
)
+
3N4Sγ
4
L[
1+γ2LN
2
SΩ
2
T
(
P
2πωc
)2]4F
(
R(τ)|R(τ)|4
)
+. . .
f(ω)≈
P
ωc
1+γ2LN
2
SΩ
2
T
(
P
2πωc
)2+g(ω) (6)
where R(τ) is the autocorrelation of the input signal, and P is
the input power per channel with channel width ωc. Assuming
a flat spectral distribution with total bandwidth ΩT for the input
signal, R(τ) = (P/πωcτ) sin (ΩT τ/2). Here, γL is defined as
γ[1− exp(−αL)]/α. For two other kinds of fibers, f(ω) is
given by the same expression as above.
Although g(ω) in (6) can be evaluated for any power of γ, in
practical applications with weak power, one only needs to keep
the lowest order term and
g(ω) ≈ NSPW (ω) + 32
× N
2
Sα
2γ2L[
1+γ2LN
2
SΩ
2
T
(
P
2πωc
)2]3
(
ΩT
2π
)2(
P
ωc
)3(
1− ω
2
3Ω2T
)
. (7)
The Kerr nonlinear noises and the white noises from the ampli-
fier contribute to g(ω). From (1), the SC for the central channel
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can be approximated by
SC≈ log2

1+
P
ωc
1+γ2
L
N2
S
Ω2
T ( P2πωc )
2
3
8π2
N2
S
γ2
L
Ω2
T[
1+γ2
L
N2
S
Ω2
T ( P2πωc )
2
]3 ( Pωc
)3
+NSPW


(8)
where P is the input power density. From (8), one can deter-
mine the maximum capacity SCMAX and the optimal operating
input power per channel PMAX for a dispersion-free fiber as
SCMAX ≈ log2
[
1 +
(
32π2
81
) 1
3 (
N2SNcγLPWωc
)− 23]
PMAX ≈
(
4π2
3
) 1
3 (
NSN
2
c γ
2
L
)− 13 (PWωc) 13 . (9)
The second term in PMAX is a small correction and may be
neglected for weak amplifier noise power. The above scaling
law of (9) was reported in our earlier work [4]. The new result
presented here is that it precisely prescribes the proportional
constant that was unspecified previously.
Now, one can examine the nonlinearity precompensation
case. Kerr nonlinear noises can be reduced by a nonlinearity
precompensation procedure with an OPC device. Assuming
such a device has a bandwidth of ΩOPC so that several channels
can be compensated all together, a revised g(ω) is given by
g(ω) ≈NSPW (ω) + 38π2
N2Sγ
2
L[
1 + γ2LN
2
SΩ
2
T
(
P
2πωc
)2]3
(
P
ωc
)3
×
{
Ω2T
(
1− ω
2
3Ω2T
)
−
∑
n
Ω2OPC
[
1− (ω − nωc)
2
3Ω2OPC
]
× [η(ω−nωc +ΩOPC)−η(ω − nωc − ΩOPC)]
}
(10a)
where η(x) is a step function such that η(x) = 0 if x is negative
and 1 otherwise. If OPCs with a bandwidth of ΩOPC were
applied, one has the capacity for the central channel (n = 0)
as that shown in (10b) at the bottom of the page. In this work,
ΩOPC is assumed to be smaller than ΩT . If ΩOPC is larger than
ΩT , the nonlinear noises are eliminated, and one should use the
classical Shannon formula. One has
SCMAX ≈ log2

1 + (32π281
) 1
3
×
(
N2SγLPWωc
(
N2c −
Ω2OPC
ω2c
) 1
2
)− 23 
PMAX ≈
(
4π2
3
) 1
3
[
NSγ
2
L
(
N2c −
Ω2OPC
ω2c
)]− 13
(PWωc)
1
3 .
(11)
V. SC FOR FIBERS WITH A CONSTANT DISPERSION
For a constant dispersion, one can determine the solution for
the first two terms of the Volterra series in (2). The scaling
factor for the effective γ in a multispan system here is the
square root of the total number of span [4] and is different
from the dispersion-free case [3]. We have obtained an explicit
expression for the corresponding g(ω) and f(ω) in (2) as
g(ω)≈NSPW (ω)+ 2NS[
1+N2s γ2LΩ
2
T
(
P
2πωc
)2]3
( γ
2π
)2
×
∞∫
−∞
dω1
∞∫
∞
dω2
1+ e−2αL−2e−αLcos[Lβ(ω−ω1)(ω1−ω2)]
α2+β2(ω−ω1)2(ω1−ω2)2
×R(ω1)R(ω2)R(ω−ω1+ω2). (12)
In our previous work [4], the numerical approach was used to
carry out the two-dimensional (2-D) integral. For most disper-
sive fibers, we have derived a very good approximate analytical
expression for the 2-D integral. Our analytical approximated
expression for g(ω) and f(ω) is given by
g(ω) ≈ NSPW (ω)
+
NSγ
2
L[
1 + γ2LN2sΩ
2
T
(
P
2πωc
)2]3
(
P
ωc
)3
α
πβ
ln
[
βN2c ω
2
c
4α
]
. (13)
The above result is valid for βΩ2T /α	 10 and exp(−αL)

1. For α = 0.048 km−1, β = 1 ps2/km, and ΩT /2π = 1 THz,
these conditions are well satisfied. The SC for the central
SCOPC ≈ log2

1 +
P
ωc
1+γ2
L
N2
S
Ω2
T ( P2ωc )
2
3
8π2
N2
S
α2γ2
L[
1+γ2
L
N2
S
Ω2
T ( P2πωc )
2
]3 (Ω2T − Ω2OPC)( Pωc
)3
+NSPW

 (10b)
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channel is given as that shown in (14) at the bottom of the page.
The maximum capacity and the optimal operating input power
per channel are
SCMAX ≈ log2

1 + 23N−1s (γLPWωc)− 23
×
(
2α
πβω2c
ln
[
βN2c ω
2
c
4α
])− 13
PMAX ≈
[
2αγ2L
πβω2c
ln
(
βN2c ω
2
c
4α
)]− 13
(PWωc)
1
3 . (15)
We can now consider the case with nonlinearity precompen-
sation. If OPCs with a bandwidth of ΩOPC were applied, one
has the capacity for the central channel (n = 0) as that shown
in (16) at the bottom of the page. The maximum capacity and
the optimal operating input power per channel are
SCMAX ≈ log2

1 + 23
(√
NSγLPWωc
)− 23
×
(
2α
πβω2c
ln
[
N2c ω
2
c
Ω2OPC
])− 13
PMAX ≈
[
2αγ2L
πβω2c
ln
(
N2c ω
2
c
Ω2OPC
)]− 13
(PWωc)
1
3 . (17)
VI. SC FOR FIBERS WITH A
LENGTH-DEPENDENT DISPERSION
Now, we can consider the third category of fibers. In these
fibers with a variable dispersion, the length-dependent disper-
sion is designed to match the power attenuation, i.e., β(z) =
β exp(−αz). One can solve the NSE for the first two Volterra
series in (2) by changing variable y = exp(−αz). We have
obtained the explicit expression for g(ω) and f(ω) as
g(ω)≈NSPW (ω)+ 1
π2
NSγ
2[
1+γ2LN2sΩ
2
T
(
P
2πωc
)2]3
×
∞∫
−∞
dω1
∞∫
−∞
dω2
1−cos
[
(1−e−αL)β(ω−ω1)(ω1−ω2)
α
]
β2(ω−ω1)2(ω1−ω2)2
×R(ω1)R(ω2)R(ω−ω1+ω2). (18)
For most practical fibers with nonzero dispersion, if βΩ2T /α	
10, the 2-D integral in g(ω) can be approximated by
g(ω) ≈ NSPW (ω) +
(
P
ωc
)3
× 2NSγ
2
L[
1+γ2LN2sΩ
2
T
(
P
2πωc
)2]3 απζβ
(
ln
[
ζβN2c ω
2
c
α
]
−1
)
(19)
where ζ = 1− exp(−αL). The SC for the central channel is
given as that shown in (20) at the bottom of the page. The
SC ≈ log2

1 +
P
ωc
1+γ2
L
N2sΩ
2
T ( P2πωc )
2
NSγ2L[
1+γ2
L
N2sΩ
2
T ( P2πωc )
2
]3 ( Pωc
)3
α
πβ ln
[
βN2cω
2
c
4α
]
+NSPW

 (14)
SCOPC ≈ log2

1 +
P
ωc
1+γ2
L
N2sΩ
2
T ( P2πωc )
2
NSγ2L[
1+γ2
L
N2sΩ
2
T ( P2πωc )
2
]3 ( Pωc
)3
α
πβ ln
[
N2cω
2
c
Ω2c
]
+NSPW (ω)

 (16)
SC ≈ log2

1 +
P
ωc
1+γ2
L
N2sΩ
2
T ( P2πωc )
2
2αNSγ2L
πζβ
( Pωc )
3[
1+γ2
L
N2sΩ
2
T ( P2πωc )
2
]3 (ln [ ζβN2cω2cα ]− 1)+NSPW

 (20)
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Fig. 1. Effects of a broadband OPC on channel capacity. Significant improve-
ment can be made if the bandwidth of an ideal OPC device is sufficiently wide
to cover many channels.
maximum capacity and the optimal operating input power per
channel are
SCMAX ≈ log2
[
1 +
2
3
N−1s (γLPWωc)
− 23
(
4α
πζβω2c
)− 13
×
(
ln
(
ζβN2c ω
2
c
α
)
− 1
)− 13]
PMAX ≈ (PWωc) 13
(
4αγ2L
πζβω2c
)− 13 [
ln
(
ζβN2c ω
2
c
4α
)
− 1
]− 13
.
(21)
Now, we consider nonlinearity precompensation using OPC
with a bandwidth of ΩOPC. The SC for the central channel is
given by
SC ≈ log2

1 + Pωc
2NS
(
P
ωc
)3 γ2
L
α
πζβ ln
[
N2cω
2
c
Ω2OPC
]
+NSPW

 .
(22)
The maximum capacity and the optimal operating input power
per channel are
SCMAX ≈ log2

1 + 23
(√
NSγLPWωc
)− 23
×
(
4α
πζβω2c
)− 13(
ln
[
N2c ω
2
c
Ω2OPC
])− 13 
PMAX ≈ (PWωc) 13
(
4αγ2L
πζβω2c
)− 13(
ln
[
N2c ω
2
c
Ω2OPC
])− 13
. (23)
Fig. 2. Maximum channel capacity and its dependence on the total number of
spans. Three types of fiber are examined, namely 1) dispersion-free fiber β = 0,
2) variable dispersion fiber β(z) = β exp(−αz), and 3) constant dispersion
fiber β(z) = β, where β is at −2 and −20 ps2/km. Here, we consider
80 km/span, 100 channels with 100 GHz channel width, noise power density
PW (ω/2π) = 10
−5 W/THz, α = 0.048 km−1, and γ = 1.22 km−1W−1.
VII. DISCUSSIONS AND CONCLUSION
We have examined the Shannon channel capacity for
three types of optical fibers, namely, 1) with no dispersion,
2) a constant dispersion, and 3) a length-dependent disper-
sion. A closed-form formula for maximum channel capacity
and optimal input power is prescribed in terms of dispersion,
number of spans, amplifier noise power, channel band width,
etc. The dependence of the maximum channel capacity follows
a simple form of SCMAX ∼ log2[N−4/3S (NcγLPW )−2/3] for
the dispersion-free fiber, but for the fiber with significant dis-
persion, SCMAX ∼ log2[N−1S (NcγLPW )−2/3]. We have also
studied the impact of OPC, which reduces degradation caused
by interchannel and intrachannel nonlinear effects [5], [6]. The
improvement by OPC is illustrated in Fig. 1. The capacity
improvement by OPC is relatively small unless the bandwidth
of the OPC device comes close to the total spectral width
of the transmitted channels. The comparison among the three
categories of fibers is illustrated in Fig. 2, showing the max-
imum channel capacity for these three types of fiber and its
dependence on the total number of spans. The presence of
a larger dispersion induces bandlimiting filtering that reduces
nonlinear noises. For dispersion-free fibers, a Volterra series
expansion of all orders is included. The exact maximum chan-
nel capacity [2] is similar to the truncation approximation (less
than 5% in difference). For dispersive fibers, truncation to the
first order of the series expansion is used. The result in (14)
is reasonably accurate at an operating power of 5–10 mW per
150-GHz-wide channel [4]. So long as one is concerned with
the ultimate maximum capacity, which occurs at low power,
the truncation is valid. In other treatments of channel capacity
[7]–[9], various assumption and approximations were used
with regard to modeling noises from self-phase modulation,
cross-phase modulation, and four-wave mixing. The maximum
channel capacity obtained by different methods is similar in
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magnitude. At a much higher input power, one can no longer
classify nonlinear noises into these three types, as the cross
terms among them and their correlations become complicated.
These various approaches are approximate and meaningful to a
certain degree of input power.
In conclusion, the main goal of this study is to obtain simple
approximated formulae for channel capacity and to show that
the maximum channel capacity is much greater than the current
DWDM transmission systems of 1 bit/s/Hz at best [6]. A
novel paradigm for transmission system design may be needed
to reach values closer to the estimated theoretical channel
capacity.
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